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- The Eckerc Reference Formulation  Applied to 

Hixh-Spe-ed  Laminar  Boundary  Layers of  Nitrogen 

and Carbon  Dioxide 

Design  calculations  aimed  at  the  determination  of  heat 

transfer,  skin  friction  or  recovery  temperature in high-speed 

laminar  boundary  layers,  can  be  extremely  complex  due to pro- 

perty  variations. Considerable simplificat$on  is  achieved 

if a  constant  property  analysis  can  be  used  with  the  proper- 

ties  determined  at  suitably  defined  reference  conditions. 

In Ref. 1, Eckert  presents  the  following  expression  for 

the  reference  temperature  applicable  to  laminar  boundary 

layers on surfaces  at  constant  temperature  and pressure, and 

for  a  wide  range  of  Mach  numbers: 

T'k TS + 0.50(Tw - Ts) + 0.22(Tr - Ts) 

The  constants in this  equation  were  determined  such  that  the 

reference  temperature so defined, and  used  in  a  constant  property 

analysis,  gave  good  agreement  with  all  the  exact  calculations 

available  at  that  time. These  calculations  were  concerned  with 

air  and were  well  approximated by  the above  approach  regardless 

of the  specific  property  variations  assumed. This  suggests  that 

the  relationship  assumed  for  the  reference  temperature  could  also 

work  for  gases  other  than  air,  and  the  present  work  confirms  this 

for N2 and  C02. 



Laminar   boundary  layer   calculat ions  have  been  carr ied  out  

f o r  N2 and C 0 2  streams a l l o w i n g   f o r   v a r i a b l e   p r o p e r t i e s  (Ref.  2), 

. t hus   p rov id ing   t he   oppor tun i ty   fo r   check ing   t he  assumed re fe rence  

express ion   on   gases   o ther   than  air. The p rope r ty   ca l cu la t ions  

are desc r ibed   i n   Re f .  3 .  

Ref. 1 g i v e s   t a b l e s   i n  which   the   cons tan t   p roper ty   resu l t s  

are compared w i t h   t h e  exact c a l c u l a t i o n s  of Young and Janssen  ( 4 ) .  

Percen tage   e r ro r s  are  a l so   g iven .  To s implify  comparisons  the 

same format   has   been  fol lowed  here   for  N2 and C 0 2 ,  u s ing   t he  

same parameters.  

The t a b l e s  are  arranged as fol lows:  

Table 1. Wall a t  recovery  temperature 

a. Nitrogen 

b.  Carbon  dioxide 

Table 2. Constant wal l  temperature  

a. Nitrogen 

b.  Carbon  dioxide 

Table 1, column 3 and  Table  2,  column 4 give  values   of  

t h e   s k i n   f r i c t i o n   c o e f f i c i e n t ,  (Cf m e ) s  as obtained  from  the 

exac t   so lu t ions .  The fol lowing column i n   each   t ab l e   r epor t s  

va lues   o f   t h i s  same parameter (Cf p), obta ined  however  by 

appl ica t ion   of   the   re fe rence   t empera ture  method ( f o r   t h i s  

r e a s o n   t h i s  column is l a b e l l e d  (Cf To o b t a i n   t h e s e  

values   the  fol lowing  formulat ion  has   been  used:  

2 



Here w e  have  used  one  of  the  basic  reference  temperature re- 

la t ionships ,   which  i s  derived  from a cons t an t   p rope r ty   ana lys i s :  

(Cf &)* = 0.664 

The difference  between  the two tabula ted   va lues   o f  (Cf K e ) s  

though i n  a few i n s t a n c e s   l a r g e r   t h a n   i n   R e f .  1, i s  s t i l l  rela- 

t i v e l y  small, be ing  less than  2 o r  3 p e r   c e n t   f o r   b o t h   c a s e s .  

The recovery  temperature  i s  ca l cu la t ed  from 

where t h e   P r a n d t l  number and t h e   s p e c i f i c   h e a t  are eva lua ted  

a t  the   re fe rence   t empera ture   def ined  by equat ion (l), i t  i s  

compared i n  columns 6 and 7 of Table 1 wi th   the   Value  of t h e  

recovery  temperature T found  from  the  boundary  layer  analysis. 

The pe rcen tage   e r ro r s  are no   la rger   than   those   in   Ref .  1. 

r 

In  apply ing   the   re fe rence   t empera ture  method t o   t h e  cal- 

c u l a t i o n  of t h e   h e a t   t r a n s f e r   c o e f f i c i e n t   t h e   a n a l o g y   e x p r e s s i o n  

r e l a t i n g   h e a t   t r a n s f e r  and s k i n   f r i c t i o n  i s  u t i l i z e d :  

To compare the   boundary   l ayer   resu l t s   wi th   the   re fe rence  tem- 

perature   formula  of   eq.  ( 4 )  the   va lue   o f   (Cf /2   S t )  is deter -  

mined  from t h e   e x a c t   c a l c u l a t i o n s  as follows : 

* 
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cf  cf C ;k 
(->* = ( " A  L 2 st  2 S t  s c 

PS 

The values   obtained  f rom  equat ions (5) and ( 4 )  are tabu- 

l a t e d   i n  columns (8) and (9) respec t ive ly   o f   Table  2. The 

pe rcen tage   e r ro r  i s  less than  10 p e r c e n t   i n  all cases   except  

one ,   w i th   t he   dev ia t ions   i n   gene ra l   be ing   h ighe r   fo r  CO than  

f o r  N . This  agreement i s  as good as t h a t   r e p o r t e d   i n   R e f e r e n c e  1, 

and i n   t h e   c a s e   o f   N i t r o g e n  i t  i s  somewhat b e t t e r .  

2 

2 

The a l te rna t ive   p rocedure   p roposed  by Eckert  i s  t o   d e f i n e  

t h e   h e a t   t r a n s f e r   c o e f f i c i e n t   i n  terms of   en tha lpy   d i f fe rence :  

q, = hi (ir-iw) 

where now the   en tha lpy  

i -i 
- ri - r s  

u2 I2 
S 

(6) 

r ecove ry   f ac to r  r i s  g iven  by i 

The va lue   o f   t he   en tha lpy   r ecove ry   f ac to r  ri as taken 

from  the  boundary  layer   solut ions i s  r e p o r t e d   i n  column 9 of 

Table 2 and  compared with  the  approximate  value  given as p; 
i n  column  10. The r e s u l t i n g   e r r o r   i n   t h e   u s e   o f   t h e   r e f e r e n c e  

method i s  comparable   to   tha t   in   Reference  1, being  of   the 

order   o f  1 t o  2 percent .  

The h e a t   t r a n s f e r   c o e f f i c i e n t   h i  i s  r e p o r t e d   i n  dimen- 

s i o n l e s s  form as (Cf/2  St i )   and  the  boundary  layer   calculat ions 

are shown i n  column 10 of  Table 2. The r e fe rence  method 
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2/3 
proposed  a  value of (PF) for  this  ratio. The agreement 

of the  approximate  and  exact  values  is  even  better  than  that 

reported  in  Reference 1. 

Conclusions  and  Recommendation 

The  use  of  the  reference  temperature  method  yields 

approximations  for N2 and  C02  laminar  boundary  layers which 

are  as good as  those  of Ref. 1 for  air. If the  specific heat 

varies  over  a  wide  range or if  dissociation  occurs  it  is 

recommended  as  in  Reference 1, though  this  remains  to  be 

verified,  that  properties  be  evaluated  at  a  reference  enthalpy 

rather  than  the  reference  temperature,  where  the  reference 

enthalpy  is  given by: 

i* = i + 0.5(iw-is) + 0.22(ir-is) 
S 
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l l I l l l l l l l l l l l  I 

Nomenclature , 

cf - 
- T W  = l o c a l   s k i n   f r i c t i o n   c o e f f i c i e n t  

% P  u: 

C = S p e c i f i c   h e a t  a t  cons tan t   p ressure  

h = qw/(Tr - T,) = l o c a l   h e a t   t r a n s f e r   c o e f f i c i e n t  

P 

hi = qw/ ( i r  - &) = l o c a l   e n t h a l p y   d i f f e r e n c e   h e a t   t r a n s f e r   c o e f f i c i e n t  : 

i= entha lpy  
.. . 

P r  = P r a n d t l  number 

q = hea t   f l ow  pe r   un i t  time and area 

r = (Tr - Ts> / 4 = recovery   fac tor  

cP 

ri - (ir - is)/ - d = entha lpy   recovery   fac tor  
2 

S t i  = h i /p  us = Stanton  number based on en tha lpy   d i f f e rence  

T = temperature 

u = v e l o c i t y  

= v i s c o s i t y  

p = dens i ty  

T = s h e a r i n g   s t r e s s  

Subsc r ip t s  

i = based on enthalpy 

Supe r sc r ip t s  

* 
= re ference   condi t ion  

r = recovery 

s = i n   f r e e  stream 

w = a t  w a l l  
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T O L E  1 a 

N 2  Recovery  Case 

T OK M 
S s Per 

cent  

218 4 0.574  0 .569 -0.9 791 790 -0.1 0.836  0.846  1.2 

555 4 

1110 4 

2 18 S .  

218  12 

0 .564  

0 . 5 7 4  

0.485 

0 .432  

0 .560  -0.7 1843 1812 -1.7 0.839 0.852 1.5 

0.568 -1.0 3409 3382 -0.8 0.841 0 . 8 5 1  1 .2  

0 .481  - 0 . 8  2274 2199 -3.3 0.835 0.853 2.2 

0.426 -1.4 4570 4438  -2.9 0 .835  0 .852  2.0 

TABLE 1 b CO Recovery  Case 
2 

2 18 4 0.640 

555 4 0.612 

1110 4 0.607 

218 8 0.575 

555 8 0.536 

218 12  0 .521 

0 .640  0 6 3 4  610 -3.8 0 .854  0.860 0.7 

0 .610  -0.3 1271 1248 -1.8 0.834 0.842 1.0 

0 . 6 0 4  -0.5 2329 2317 -0.5 0.827 0.836 1.1 

0.578 0.5 1554 1452 -6.6 0 .832  0 . 8 4 1  1.1 

0 . 5 3 4  -0 .4  31C3 3020 -2.7 0 . 8 2 1  0.834 1.6 

0.522 0.2 2917 2752 -5.7 0 .821  0.836 1.8 

I 



TABLE 2 a 
N2 Constant Wall Temperature 

218 

218 

1110 

218 

218 

555 

555 

555 

1110 

218 

218 

2 18 

218 

43  6 

1308 

555 

43 6 

1308 

555 

1110 

1665 

355 

436 

1308 

43  6 

1308 

0 

0 

0 

4 

4 

4 

4 

4 

4 

8 

8 

12 

12 

0.633 

0.553 

0.707 

0.607 

0.540 

0.624 

0.592 

0.571 

0.651 

0.555 

0.513 

0.509 

0.485 

0.612 

0.547 

0.693 

0.597 

0.529 

0.615 

0.582 

0.559 

0.638 

0.542 

0.503 

0.493 

0.473 

-3.3 

-1..o 

-2.0 

-1.6 

-2.0 

-1.4 

-1 .7  

- 2 . 1  

-2.0 

-2.3 

-1.9 

-3 .1  

-2.5 

0.806 

0.798 

0.811 

0.778 

0.776 

0.768 

0.776 

0.782 

0.791 

0.749 

0.764 

0.771 

0.776 

0.804 

0.801 

0.801 

0.800 

0.799 

0.800 

0.802 

0.806 

0.806 

0.801 

0.803 

0.805 

0.806 

-0.2 

0.4 

-1.2 

2.8 

3.0 

4.2 

3.4 

3.1 

1.9 

6.9 

5.1 

4.4 

3.9 

0.807 

0.801 

0.810 

0.800 

0.799 

0.806 

0.807 

0.805 

0.809 

0.802 

0.802 

0.803 

0.803 

0.1 

0.4 

-0.1 

2.8 

3 .0 .  

4.9 

4.0 

2.9 

2.3 

7 .1  

5.0 

4.2 

3 .5  



r 
TABLE 2 b 

C 0 2  Constant  Wall  Temperature 

TsOK TwoK M, (Cf P e l s  (cf ,I-R)i per  (Cf/2St)* (Pr*) 2'3 pe r  ( c f /2 s t i )  Per 
cent   cen t   cen t  

218  43 6 0 0 .661  0.633 -1 .2  0.838  0.834  -0.5  0.835  -0.4 

218  1308 0 0.608  0.606  -0.33  0.798  0.808  1.3  0.802  0.5 

1110  555 0 0.697  0.683  -2.0  0.818  0.801 -2 .1  0.813  -0.6 

2 18 43 6 4  0.652 0.636 -2.5 0.759 0.825 8.7 0.813 7.1 

218 1308 4  0.600 0.593 -1 .2  0.775 0.800 3.2 0.794 2.5 

555 555 4  0.648 0.635 -2.0 0.762 0.805 5.6 0.802 5.2 

555 1110 4  0.619 0.607 -1.9 0.757 0.797 5.3 0.786 3.8 

555 1665 4  0.595 0.592 -0.5 0.773 0.792 2.5 0.791 2.3 

1110 555 4  0.669 0.658 -1.6 0.783 0.793 1.3 0.799 2.0 

2 18 43 6 8  0.627 0.627 0 0.726 0.809 11.4 0.797 9.8 

2 18 1308 8  0.585 0.575 -1.7 0.736 0.796 8.2 0.778 5.7 

555 555 8 0.608 0.601 -1 .2  0.757 0.793 4.8 0.789 4.2 

555 1110 8  0.589 0.581 -1.4 0.752 0.790 5.1 0.782 4.0 

555 1665 8  0.571 0.563 -1.4 0.754 0.789 4.6 0.778 3.2 

218  436 1 2  0.595  0.588 -1 .2  0.742  0.797  7.4  0.790  6.5 

1308 12  0.564  0.560  -0.7  0.743  0.791  6.5  0.779  4.8 \o 218 
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